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METHOD FOR DETERMINING THE FREQUENCY-RESPONSE CHARACTERISTICS
OF AN ELEMENT OR SYSTEM FROM THE SYSTEM TRANSIENT

OUTPUT RESPONSE TO A KNOWN INPUT FUNCTION

By HOWARD J. CCIIFMAN, Jr.and ROBERT A. GARDINEE

SUMNARY

A method is presented for the determination of the frequency-
res$onse cha.rackrist{cs of an element or system by utilia”ng the
transient output responge to a known but arbitrary input t; the
sy$tem. Since the application of special inputs, such as step
functions or sinusoids, is o$en imperfect or impractical, a
method for utilia”ng arbiiray inputs is dem”rable. Simple
flight-test data may be reduced by this method to gire the fre-
quency response of an aircrajl. Examples are giren as determi-
nantions of aircrafijrequ.ency responses; howwer, the method can
be applied to any type of dynamic system, wch as automatic-
control components, ribration-absorption. equipment, and r~any
types of instrumen~s. Z%e method requires that the arbitrary
input function tend to a jinite ra[ue ajter a.jkite time and that
the system or element output be measured as a representative
guantity baring a static sensitivity.

INTRODUCTION

bong the essential elements in the study of the probIem
of automatic stabilization and controI of an aircraft are the
frequency-response characteristics of the aircraft in the mode
of motion under in-wstigation. For exampIe, if attitude
stabilization is under consideration and is to be maintained
by elevator control, the pitch response of the aircraft to
sinusoidal inputs of controI deflections at various forcing
frequencies, expressed as an ampLitude ratio and a phase
relatiom=hip,is required. Heretofore, the determination of
this important factor was extremely difficult if it m-asto be
found or checked by flight tests. Such measurements have
been made for a piIoted airplane (reference 1) by the laborious
tinwconsuming method of appIying sinusoidal controkrface
inputs. For a pilotIess aircra.ft in -which automatic stabili-
zation and control me needed, the problem of successfully
determining these characteristics in flight tests is more com-
plex The primary purpose of this report is to present and
to illustrate a method by which simpIe flight-test results
can be used to evaluate the aircraft frequency-response
curves desired. The method shows how- the frequency-
response characteristics can be found if the output response
is known for any known arbitrary input function.

This problem of determining desired frequency responses
has been considered with regard to special types of inputs,
such as the step-function input (reference 2) and the sinu-
soidal input. (references 1 and 3). In the actuaI testing of
various systems, factors such as time limitations and limiti-
ng accelerations may dictate the type of input that gives
applicable data. In pilotless-aircraft studies the step-
fuwtion input. technique appears extremeIy valuable; how-
ever, the application of a true step function is, in itself, a
problem. A method of handling inputs which we not too_
restricted ancIwhich are easily realized is, therefore, desirable
in the determination of frequency-response characteristics.

Tbroughoufi the fieIclof automatic control a knowledge of
the frequency response, which relates the output of an ele-
ment to its input., is desirable for an analysis and synthesis
of a control system composed of a group of elements. Site
the application of sinnsoiclal inputs of vary-kg frequencies
and the measurement of the output of an element are often
extremely imprac+ical, as in a hydraulic or pneumatic servo-
motor, the present method aflords a means of evaluating the
response characteristics mseded for effective understanding
and design of a system.

The present. method is an e.tiension of one presented’~”
reference 2 in which the deri-ration of the frequency response
(performance operator in reference 2-) is shown for a known
transient output response to a step-function input. Other
methods, of course, have been developed to perform this
operation. Reference 4 gives a method whereby the output
transient to a step input is used with Duhamel’s integraI to
procluce the frequency-response curves. A discussion of a
Fourier integral method is given in reference 5. The
Fourier method is used in reference 2, and the approach
therein was used to derive the present method for finding the
frequency response of an element if its output response to
an arbitrary input is known. Although the possibility
exists, no attempt. has been made to employ the line of
reasoning of this extension to any of the other methods.
The present extension is LIustratedby three mampIes. The
method, however, is only approximatee in that a finite number
of terms in a series expansion are used to determine the
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response at each value of forcing frequency and that a linear
difTcrentiaIequation is necessarily implkd for the system
under consideration.

SYMBOLS

angular forcing frequency,

phase angle, positive yhen
degrees

time, seconds

radians per. sec~nd

output leads input,

()difhrential operator ~

illustrative variables
angle of attack, positive when nose is above

relative wind vector, radians (except as noted)
aircra.ft elevator deflection angle, positive when

trailing edge is clown,radians (except as noted)

pitching ~oment of inertia, slug-feet square.
dynamic pressure, pounds per squar~ foot
wing area, square feet
mean aerodynamic chord, feet
mass of aircraft$slugs
aircraft velocity, feet per second
lift coefficient (Lift/@) . “” “.

pitching-morncm!flggefjicient.(Mornent/@c)
lift-curve slope (M’./&Y)
pitching-moment-curve slope (2@@a)
rate of change of lift coefficient with elevator

deflection (M?JM)
rate .of change .of pitching-moment coefficient

with elevator deflection (N%@)

C.g== ~~ -a~7

!I pitching anguk!r velocity, radians per second

(2
t)cm=— . ...=,..

~& Cica~
.>

(i! rate of change of angle of attack, radians per
second

ANALYSIS ““-

The analysis which presents the method for obtaining
the frequency-risponse data from the transient response to
an arbitrary input to an element or system is considered in
two sections. The first section is a review -of the results
presented in reference 2 and discusses the determination of

the frequency response wheu the transient output for a
step-function input is known. This procedure is hrr~tl
called the “step-function input technique.” In the second
section the basic technique presented in the flrsb SCC1ion is
extended, and tl~e resulting procedure is termed the “ mbi-
tlrary-input technique.” The method requires that.:

(1) The element.or system is describable by linear difFw-
ential equations.

(2) The arbitrary input function tmds to a fixed valuo
after a finite time.

(3) The representative output of the system kmis to a
fixed value. The ratio of this value to the final fixed inpuL
is the static sensitivity.

9TEp.FuNCTiON INPUTmcwwQuE

In reference 2 the complete analysis has been given for
dcterm-ining the frequency-response charackristics of qn
element or system when the transient rcspo~~e to a stclJ-
functlion input is known. The method therein involves
initially a representation of the output by a series of step
functions of various amplitudes delayed by cqwd timo
increments from the time origin of the s~ep “input M tho
system. Since the output may also be consi(iwmi M tho
product of a step-function input and the frequency response
of the ..elemcnt or system, those expressions arc cquatcd.
The required amplitude and phaw for the systcm ULLho
desired frequency me found from the solution of this cqurttiom
Since this feature is basic and is only exhmdcri in t-heprescn~
analysis, the procedure is briefly discussed.

Let it: be assumed that. the response to a stcq]-funrtion
input is known. This response is a function of time, and
the time scak is divided into equal timo increments iu k
manner shown in figure 1. Since no general rnk concerning
the number of time incrcmcmts noccawuy to give mkqua[c
resuIts exists, cases with two diffwent increments may k

. ..—. — .—

t,J ft q t3
fime

FIOUREL-Illustration showfngincromontaldiv[sionO(the trensbnt II?sponsefor appllcatlott
ofthe presentmethod,



determined and then compared for differences. In general,
forhighly oscillatory responses more increments seem to be
required to approximate the curve and the area beneath it.
The change in output from- the transient-response curve
during each of the time increments must be measured.
These changes are noted in @re 1 by increments of X and
the time inter-ral is noted in the subscript, for example,
k~a- ,1. Some of these changes may “be negative; however,
their sum gives the output. steady-state value (static sensi-
tivity). As shown in reference 2, the amplitude ratio l~Xland
the phase angle p may be expressed as a function of the
arbitrary forcing frequency a by

.Y(jk) = lX~ej~

=&X,O_tle-j’’’lala +&2Ctl_,,e-j~3u’[’] +

fi”t*_i3 ~- fmswzt +&y ~-$dwz) + . . .
t~–t~ (1)

The addition of these vectors results in a -rector detig the
response characteristics of the eIement or system at the
forcing frequency used. This procedure is required for as
many values of Mas are desired.

-bother method of performing this operation is given in
reference 6 in which the output. transient is approximated by
step functions not. delayed by constant- time intervals.
Thw method, however, requires the definition of a funda-
mental frequency and therefore limits computation to the
responses at- the odd harmonics of this frequency. This
method was not used in the analysis herein because the
present calculations hacl been completed before the existence
of reference 6 wasnoted. The use of the method of reference 2
is therefore not to be construed as meriting any particular
preference.

ARBITBARY-lNPUTTECHNIQUE

The determination of the frequency-response character-
istics of an eIement when the transient response to an
arbitrary input is known is an extem~ion of the method
given in the previous discussion of the step-function input
technique. The data required are the time variations of the
input and the corresponding time record of the output
caused by thk input.

Ii order to clarify the discussion of this method, ilgure .2
has been prepared. The solid lines in the bIock diagram
indicate the element or system for which the frequency re-
sponse is desired and for -which the input and output time
variations are know. This frequency response is expressed
as a frequency-dependent vector

output ~.,
Input “
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t
I

Fwnm 2—BlockdiagramshowingmethodfordeterminingfrequencyresPorM whm tnPUt
fsarbitrary.

since the input is an arbitrary function of time, for example,
M shown in the upper part of figure 2, the step-funct io_n_____
method is not applicable. For the determination of the re- ,.
quireclfrequency response, three steps are required.

The first step is the introduction of a mathematical element -
in serieswith the original one, as shown in figure 2. It is then -.
assumed that a step-function input, is appIied to the mathe-
matical eIement ancIthat its result is the time variation of the -..
input to the reaI element. Mer these assumptions are
applied, the response for the mathematical ekment as a
frequency-dependent vector can be written

This procedure is the same as the method outlined for the _.
step-function input technique.

The second step is the consideration of the two elements or
the owr-aII response characteristics from the step-function
input to the mathematical eIement. to the output of the
ekment under irrrestigation. In this step, the output-time
variation found for the element in question is assumed to be
the output response to the step-function input to the over-all
(t-we-block) system. If the same method presented for the
step-function analysis is ~~ed, the result is. an over-all
response represented by the frequency-dependent vector
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The third step is the combination of these two frequency-
dependent vectors to produce the frequency response of the
subject ele.mcnL This operation is the division of the second
vector by the first vector at the same frequency. Sinie the
division of two vectors is another vector, the response of the
element in question is also a frequency-dependent vector
expressed as

output
Input

(4)

The algebraic operation of thesevectors is that of linear analy-
ses and is valid since the method involved in determining the
responses. requires the assumption that the elements are
represented by linear equations. Since the given input and
output time responses are known for the element.and since
equations (2) and (3) are the characteristics r$quired to give
these responses, the vector operation indicated in equation
(4) represents the required frequency response of the element.

ILLUSTRATIVE EXAMPLES AND DISCUSSION

In the first two examples, cases were chosen in which the
actua.1 time responses could be analytically determined.
The method of this report was then applied and the resuhs
comparecl with the theoretical frequency-response curves.
The final example is a case in which an aircraft frequency
response is determined from experimental flight-test data.
These results are compared with the theoretical values found
by using the stability derivatives obtained from the same
flight-test data.

EXAMPLE1

The block diagram for example I is as follows:

The first block is taken as a-single-degree-of-freedom system
having the same characteristics as a spring-mass-viscous-
damping system two-tenths critically damped with an un-
damped natural frequency of 50 radians per second. The
differential equation is

(D2+20D+2500)6=Kv (5)

In this case K is a constant and is chosen m 2,500 to give a
static sensiv~tity of” unity for this system; that is, a unit v
produces a unit ~ at steady state.

The second block represents the transfer function cY/~for
t-maircraft having the characteristics given in table I. If
two degrees of freedom are considered longitudinally, the
force equation along the longitudinal axis is neglected, and
the velocity is considered as constant, the response in terms
of the differential operator D is

These results were reduced from the equations of mo[ions
adapted from reference 3.

The time variations of ~ and a were compuhx.1for u s@-
function input ~ of 10°. Thcw cotnputa(ions resulted in dle
tran.sitits shown in figure 3. For the problem umlcr con-
sideration, the ti was the input. variation th~tt caused Lhc
output variation CY. The airplane frcqumcy response is thu
quantity of interest in this report..

If the method describwl in this report is used, thrw steps
arc taken:

(1) The step-functiou-input toclllliquc is applird 10 ~llc
transient 3 yariatiou ancl the vector frcqumcy response 8/?
is detwrnined for various forcing frequencies w.

(2) The step-function-input tcchniqne is applied to tlw
transient a variation and the vector frequency response a/v
is determined for the same forcing frequcnciw.

(3) The frequency response a/8 is dctwminrd by thu
vector division of a/? by ti/q at the same furciug
frequencies.

In step (1) a total Lransienttime of 0.4S second WM USCd
and a.time increment At of 0.015 second was chosen. ‘rhcsc
conditions gave a total of 32 increments defining the 5/q
variation.

In step (2) a total transien~time of 1.75 seconds was uscci
and a time increment At of 0.05 second was chosen, ‘J&sc
conditions gave a total of 35 increments cldining the a/q

variation,
The results of steps (1) and (2) me presented in figure 4.

In figure 4(a) the 3/q response from the sLc’1)-flltlctioIl-illl)llL
techniquc is shown by tl.wte~t puints aml tl]c dashed cmw
faired through these points. The thcorcticd frwiucncy rc.-
sponse of 5/q was found from equation (5) by Irt.ting 17=@
and solvjug the resultant repression for vmious values of w
The theoretical curve is shown as the solid line. The cur-
responcling curyes for the et/q response nrc shown in
fiw’e !0).

TABLE I

~1m7R~FT r.kRAhiETERS USED IN KLUSTRATIW
EX4MPLES
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The a/8 response of the aircraft was formed by dividing
the amplitude ratio of a/q by that of ~/q and by subtracting
the phase angle of 6/q fromtb phase angle of a/q at cm.re-
sponding values of the forcing frequency w F]gure 5 is the

desired final result, the dashed curve indicating tho resulh
computed from the method herein and the solid curve shw~-
ing the. @eoretical. vah.ws. derived by letting D =~u in
equation (6).
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These results obviously only approximate the theoretical
values; this ftict, of course, is expected since the individual
response at cdl u was calculated by a finite number of terms.
In each of the responses, however, the comparison is con-
sidered entirely satisfactory. Furthermore,”””theextension
presented in this report is s~own to & reliable.

EXAMPLE11

The second example is illustrated in figure 6 in which is
considered the a/3 responwrof the same aircraft used in
example I. The input ~ is the ramp function as shown in
the figure; the output transient response a is also presented.

In this case a mathematical element is considered as
described in the analysis. An imaginary q as a step-function
input is considered, and the output of the mathematical
element is the ramp function & In this case no linear
differential equation could reasonably be expected to give a
ramp-function transient response to a step-function input.
Therefore, the frequency response” determined by the
arbitrary-input technique and the thmre.ticai frequency
response may difler more than in the previous example.

The 6/q response is found by applying the step-function
technique to thuramp function& Two caseswere computed:

(1) The ramp-function transient time was 0.4 second.
A Limeincrement At of 0.05 second was used and resulted in
eight terms in the summation.

c2) The transient time was 0.4 second, and a time. incre-
ment At of 0.01 second, which gave 40 points, was need.

The step-function technique was applied to the output
a response to give the a/T frequency response. In this case
the transient time was chosen as 1.0 second, a time increment
At of 0.025 second was used, and a total of 40 points resulted.

Figure 7 shows the results of combining the separate
a/T and 8/7 responses to give the desired a~~ frequency
response. The cases for both ti/q results are shown. The
solid curves are the theoretical frequency response and
are the same as those used in example 1.

In this example the cliscrcpancy in the a/6 responses is
evident. No sound explanat.ion of these dflcrences is
known; however, conjectures arise. A simple explanation
that may apply is that no linear differential equation could
be expected to give a ramp-function tra~ient response to a
step-function input. Whatewr may be said about this
topic, the final results may be satisfactory in some cases.
The general trend is revealed although the peak value is
accentuated in this example.

EXAMPLEIn

The find example is the determination of the a/8 response
of an aircraft from the experimental flight-test data of 3 and
a time responses. These data.were obtained from the flight

of a rocket-powered aircraft model. Additional measure-
ments of lift and other factors were made dwing this iiight.,
and by using the period and rato of decay of tho oscillntions
in angle of attack and norrnmlaccelernt.ion, lhc kmgitudinnl
stability derivatives for the aircrnft were found nnd presrntcd
in table 1. From the flight-test dtitn the fnctor (%r+ (?~d
was determined. Reference 7 was usc&..10 indicrdc that
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FImrm 7.—Comperfsonof theoretiml and computed frequeneyresponsss for the ramP-
function-inputex8mpIe.

cw, was 60 percent of this total factor, the value used in
the theoretical calculations herein. For the present report
the 8 and a responses are presented in figure 8.

The step-function technique using a.transient time of 0.55
second and a time increment. At of 0.0275 second (20points)
-wasapplied to both the 6 and CFtram~ients.

The two responses were combined -mctorially by the
method herein to gi-re the desired uj~ frequency response
(&. 9). The theoretical curves, shown as sofid lines, were
found by using equation (6) and the stability derivatives
presented in table I. These curves are the amplitude-ratio
and phase-angle curves and show satisfactory agreement.
In this case the present method gives results comparable to
those found by using the equations of motion and the sta-
bflit.y derivatives. The response curves resulting from the
present method may be even more reliable than the cahmlat.ed
curves since the equations of motion and the required co-
efficients may not be completely expressed.
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Fmmm K-Comparkan of thaoratfcnland compukd afrcraft angleof-attack frequenoy
respcmsaes determfnodfrom fUgh&testdata.

The .plrasc angles’re.suiting from tlm uso of cquatiou (6)
with this configuration can be seen to ham tho incorrect
signs for the true.lag angles. These ‘ndllee h&lVCbecu cor-
rected by subtracting 180° from the calculntcd value. This
inconsistency arises simw the L~ACA sign convention re-
quires that a poe.itivo ~ (input) tq this airfmmc produce a
negative a (output)). The canard airfrnmc of cxt-nnple I,
however, has a positive ~ which produces a posit.ivc a; thus,
equation (6) in thti.t case gives the ,correct signs for ihe
lagging phaso angles.

CONCLUDING REMAR,KS

A method has been presented for determining the fre-
quency response of an element or system when the transient
output response to. a known arbitraqy input function is
obtainable. This me~hod lMS bwn dwivcd by M tvn[iing
an anaIysis tkt pmnitkl t.hc dct.erminfltion of t IIC fre-
quency response when the transien~ resulting from a stcp-
function input is known. This mctkxl ht-ts l.xwnillus~ratml
by three examples, whi~h include the dc[urmination of rtIl
aircraft a~gle-of-al tack response from rxpmimcntal flighl-
tesLdata jnvohing an arbit.rmyelevator input. The nmthod
is limited’ to inputs that tend to a fixed value afhv n Hltite
time and to systems having an output that ctin be measured
as a quantity huving a static sensitivity.

LANGL~Y AERONAUTICAL L~BOR~TOR~,

NATI&fiAL ADVISORY COMMITTEE FOIt AEItON~tJTICS,

LANGLEY FIELD, VA., Augwt %9, 1943.
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